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Abstract We consider a generalization of the famous Lennard-Jones potential. To
study the two-body problem associated to this potential, we use the foliations of the
phase space by the invariant sets corresponding to the first integrals of energy and
angular momentum. We investigate all possible situations created by the interplay
among the constants of integration and the field parameters. We obtain the global
flow, and illustrate it in both 3D and 2D. This flow exhibits a great variety of orbits,
a homoclinic one included. All phase portraits are interpreted in terms of physical
trajectories.
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1 Introduction

The Lennard-Jones potential (see [3]) is a very famous empirical function in molecular
dynamics. It models the interaction between two neutral atoms or molecules, which
are subject to two distinct forces in the limit of large separation and small separation.
These are: an attractive force at long ranges (van der Waals force, or dispersion force),
and a repelling force at short ranges (result of overlapping electron orbitals, referred
to as Pauli repulsion from Pauli’s exclusion principle).

This potential (also called 6–12 potential or 12–6 potential) reads UL J =
4ε

[
(σ/r)6 − (σ/r)12

]
, where: ε = depth of the potential energy well; σ = finite

distance at which the interparticle potential is zero; r = distance between the two
particles. These parameters can be fitted to reproduce experimental data, or can be
deduced from results of accurate quantum chemistry calculations.

The Lennard-Jones potential is an empirical approximation. The form of the repul-
sion term, in (1/r)12, has no theoretical substantiation. Actually, the repelling force
should depend exponentially on the distance. But the repulsion term in the Lennard-
Jones formula is more convenient due to the ease and efficiency of computing the
square of (1/r)6. It physically originates in Pauli’s principle, but the exponent 12 was
chosen exclusively because of ease of computation. As to the attractive long-range
potential, it is derived from dispersion interactions.

Even if it is an empirical model, the Lennard-Jones potential proved itself to be
a relatively good approximation. It is often used to describe the properties of gases,
and to model dispersion and overlap interactions in molecular models. Moreover, an
extension of this model was used to study some special combinations of concrete
astronomical situations (see [6,7]).

The problem we approach and fully answer in this paper is the two-body problem
associated to a generalized Lennard-Jones-type potential of the form A/ra − B/rb.
It is clear that this type of potential covers much more physical situations than the
original Lennard-Jones one. We have to point out the fact that we are interested here
only in the mathematical aspects of the dynamics and not in the concrete physical
ones.

Section 2 points out the basic equations of the problem, reduced to a central-force
problem. We write the Hamiltonian equations of motion in polar coordinates, and we
specify the conditions for the potential parameters. Then we emphasize the first inte-
grals that characterize the problem: the energy integral and the angular momentum
integral. Lastly, we present the algorithm of foliations intended to depict the phase
space.

The very short Sect. 3 defines the critical values of the Hamiltonian equations of
motion.

In Sect. 4 we introduce the Hill regions of the configuration space, where all solu-
tions with the same energy are lying. We differentiate the situations positive/zero/nega-
tive energy, and we point out the diffeomorphisms between the Hill region and various
algebraic sets.

Section 5 computes the energy levels in a direct way. The topology of the con-
stant-energy set is established according to the values of the energy constant and field
parameters. In Sect. 6 we use another way to compute the energy levels, which allows
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us to examine the foliation of the constant-energy set by the constant-angular-momen-
tum set. All the topological equivalents are presented in tabular form.

In Sect. 7 we present some 3D phase portraits of the situations we have investigated.
In Sect. 8 we give the interpretation of the topological types presented tabularly

in Sect. 6 in terms of 2D orbits in the phase plane (r, x) (x being the equivalent of
pr after a Sundman-type transformation). All phase curves are translated in terms of
physical orbits.

Section 9 formulates some concluding remarks.

2 Basic equations

In this paper we study the global phase portrait of the generalized Lennard-Jones
potential

V (r) = A

ra
− B

rb

with b > a > 2 and A > 0, B > 0, using its formulation as an integrable Hamilto-
nian system with two degrees of freedom. More precisely, in polar coordinates (r, θ)

for the position and (pr , pθ ) for the momenta, the Hamiltonian which governs the
generalized Lennard-Jones systems is

H = 1

2

(

p2
r + p2

θ

r2

)

− A

ra
+ B

rb
. (1)

Its Hamiltonian system is

ṙ = ∂ H

∂pr
, θ̇ = ∂ H

∂pθ

, ṗr = −∂ H

∂r
, ṗθ = −∂ H

∂θ
= 0. (2)

Then, the Hamiltonian H and the angular momentum pθ are two first integrals, inde-
pendent and in involution. Hence, the Hamiltonian system (2) is integrable.

If we denote by R+ the open interval (0,∞), then the generalized Lennard-Jones
system phase space is E = R+ × S1 × R2 where r ∈ R+, θ ∈ S1 and (pr , pθ ) ∈ R2.
Since H and pθ are first integrals, the sets

Ih = {(r, θ, pr , pθ ) ∈ E : H(r, θ, pr , pθ ) = h},
Ic = {(r, θ, pr , pθ ) ∈ E : pθ = c},
Ihc = Ih ∩ Ic,

are invariant by the Hamiltonian flow of (2).
The main results of this paper are the description of the foliations of

(i) the phase space E by the invariant sets Ih ,
(ii) Ih by the invariant sets Ihc, and

(iii) Ihc by the flow of the Hamiltonian system.
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These foliations provide a good description of the phase portraits of the Hamiltonian
flows defined by (2) when a, b, A and B vary.

3 Critical values of H

A point (r, θ, pr , pθ ) ∈ E is critical for the map H : E → R if it is a solution of the
system

∂ H

∂r
= 0,

∂ H

∂θ
= 0,

∂ H

∂pr
= 0,

∂ H

∂pθ

= 0. (3)

The value h ∈ R is critical for the map H : E → R if there is some critical point
belonging to H−1(h) = Ih . If h ∈ R is not critical, then h is a regular value. It is well
known that if h is a regular value of the map H : E → R , then Ih is a three-dimensional
manifold (see for instance [2]).

Since r > 0 system (3) reduces to

r =
(

Bb

Aa

) 1
b−a

pr = pθ = 0

and the set of critical points of H is

C =
{((

Bb

Aa

) 1
b−a

, θ, 0, 0

)

: θ ∈ S1

}

.

4 Hill regions

Let π : E → R+ × S1 be the natural projection from the phase space E to the config-
uration space R+ × S1. Then for each h ∈ R, the Hill region Rh of Ih is defined by
Rh = π(Ih). Therefore

Rh =
{
(r, θ) ∈ R+ × S1 : − A

ra
+ B

rb
≤ h

}

≈ {r ∈ R+ : rbh + rb−a A − B ≥ 0} × S1 (4)

where, as usual, ≈ means “diffeomorphic to”. Note that the Hill region Rh is the
region of the configuration space or position space where the motion of all orbits
having energy h takes place. We denote f (r) = hrb + Arb−a − B.

• If h > 0 there exists a unique rh > 0 such that f (rh) = 0, and Rh is diffeomorphic
to [rh,∞) × S1.

• If h = 0 then Rh is diffeomorphic to [(B/A)1/(b−a),∞) × S1.
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• If h < 0 there exists a unique

rc =
(

− A(b − a)

hb

)1/a

such that f ′(rc) = 0,

and

f (rc) = (−h)1−b/a

b
a − 1

[
A

(
1 − a

b

)]b/a − B.

Let us denote

h∗ = −
{

B(b/a − 1)

[A(1 − a/b)]b/a

}a/(a−b)

,

then,
∗ if h < h∗ then f (rc) > 0 which implies that there exist r∗

1 < r∗
2 such that

f (r∗
i ) = 0 and hence Rh is diffeomorphic to [r∗

1 , r∗
2 ] × S1.

∗ if h = h∗ then f (rc) = 0 and hence Rh is diffeomorphic to {rc} × S1.
∗ if h > h∗ then f (rc) < 0 and hence Rh is diffeomorphic to ∅.

5 Energy levels Ih

We compute the energy levels Ih in two different ways. The first way, described in
this section, is more direct. The second way, described in the next section, allows one
to additionally deduce the foliation of Ih by the invariant sets Ihc.

From the definition of Ih we have

Ih =
⋃

(r,θ)∈Rh

E(r,θ) (5)

where

E(r,θ) =
{

(r, θ, pr , pθ ) ∈ E : p2
r + p2

θ

r2 = 2

rb
(hrb + Arb−a − B)

}

.

Clearly, for each (r, θ) given, the set E(r,θ) is an ellipse, a point, or the empty set, if
the point (r, θ) belongs to the interior of Rh , to the boundary of Rh , or does not belong
to Rh , respectively. Therefore, from (5), the previous section and some topology, the
topology of Ih easily follows according to the different values of h, a, b, A and B.

If h ≥ 0, then Ih is diffeomorphic to S3 \ S1, which is also diffeomorphic to an
open solid torus T3 of R3.

If h ∈ (h∗, 0), then Ih is diffeomorphic to ∅.
If h = h∗, then Ih is diffeomorphic to S1.
If h ∈ (−∞, h∗), then Ih is diffeomorphic to S3.
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6 Invariant sets Ihc

In this section we first compute again the invariant energy levels Ih , but now using the
fact that

Ih = {(r, θ, pr , pθ ) ∈ E : g(r, pr , pθ ) = h} ≈ g−1(h) × S1 (6)

where

g(r, pr , pθ ) = 1

2

(

p2
r + p2

θ

r2

)

− A

ra
+ B

rb
.

If h ∈ R is a regular value of the map g: R+ × R2 → R and g−1(h) �= ∅, then
g−1(h) is a surface of R+ × R2. It is easy to verify that the intersection of g−1(h)

with {r = r0 = constant}, is an ellipse, a point, or the empty set according to whether
hrb

0 + Arb−a
0 − B is positive, zero, or negative, respectively. So, by studying the union

of the ellipses or points of the form g−1(h) ∩ {r = r0} while r0 > 0 varies, we obtain
the sets g−1(h). Therefore, from (6), we calculate in a different way (with respect to
the previous section) the topology of the energy levels Ih .

We note that knowing the sets g−1(h), from

Ihc = Ih ∩ {pθ = c} ≈
(

g−1(h) ∩ {pθ = c}
)

× S1 (7)

we can compute the invariant sets Ihc. Consequently, we can describe the foliation of
Ih by Ihc when h varies. For this, we use the effective potential

Vc : (0,∞) −→ R, Vc (r) = c2

2r2 − A

ra
+ B

rb
,

and its derivative

V ′
c (r) = −c2

r3 + a A

ra+1 − bB

rb+1 .

Conditions Topological type of Ihc
C1

h ≤ 0 ∅ –
h > 0 S1×R Cylinder

C2
h ≤ 0 ∅ –
h ∈ (0, Vc (r1)) ∪ (Vc (r2) , ∞) S1 × R Cylinder

h = Vc (r1) S1 ∪
(

S1 × R
)

Disjoint union of circle

and cylinder
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Table continued

h ∈ (Vc (r1) , Vc (r2))
(

S1 × S1
)

∪
(

S1 × R
)

Disjoint union of
(

S1 × S1
)

∩
(

S1 × R
)

= ∅ torus and cylinder

h = Vc (r2)
(

S1 × S1
)

∪
(

S1 × R
)

Union of torus and cylinder
(

S1 × S1
)

∩
(

S1 × R
)

= S1 with a common circle

C3
h < 0 ∅

h = 0 S1 Circle

h ∈ (0, Vc (r2))
(

S1 × S1
)

∪
(

S1 × R
)

Disjoint union of
(

S1 × S1
)

∩
(

S1 × R
)

= ∅ Circle and cylinder

h = Vc (r2)
(

S1 × S1
)

∪
(

S1 × R
)

Union of torus and cylinder
(

S1 × S1
)

∩
(

S1 × R
)

= S1 with a common Circle

h > Vc (r2) S1 × R Cylinder
C4
h < Vc (r1) < 0 ∅ –
h = Vc (r1) S1 Circle
h ∈ (Vc (r1) , 0] S1×S1 Torus

h ∈ (0, Vc (r2))
(

S1 × S1
)

∪
(

S1 × R
)

Disjoint union of
(

S1 × S1
)

∩
(

S1 × R
)

= ∅ torus and cylinder

h = V c (r2)
(

S1 × S1
)

∪
(

S1 × R
)

Union of torus and cylinder
(

S1 × S1
)

∩
(

S1 × R
)

= S1 with a common circle

h > V c (r2) S1×R Cylinder

Conditions: C1 ⇐⇒ V ′
c (r) ≤ 0, ∀r ∈ (0, ∞) ⇐⇒ c2rb−2 − a Arb−a + bB ≥ 0, ∀r ∈ (0, ∞) ; C2 ⇐⇒

∃r1, r2, 0 < r1 < r2 : V ′
c (r1) = V ′

c (r2) = 0 and Vc (r1) > 0; C3 ⇐⇒ ∃r1, r2, 0 < r1 < r2 : V ′
c (r1) =

V ′
c (r2) = 0 and Vc (r1) = 0; C4 ⇐⇒ ∃r1, r2, 0 < r1 < r2 : V ′

c (r1) = V ′
c (r2) = 0 and Vc (r1) < 0.

7 3D Phase portraits

This section deals with the 3D surfaces generated by the function g−1(h). Although
the choice of the parameters A, a, B and b of the Lennard-Jones potential as well as
the angular momentum constant c lead to different forms of g−1(h), we selected one
representative plot for each class of similar topological surfaces. The 3D plots will be
presented in connection with the table from Sect. 6 and the 2D phase portraits from
Sect. 8, considering different values of the constant of energy, as h < 0, h = 0 and
h > 0, respectively.

Case 1: h < 0 and h = 0.

For h < 0 and h = 0, one obvious sub-case is the one where the plot of g−1(h) is ∅.
Basically, the left-hand side of Eq. (6), g(r, pr , pθ ) is positive, while the right-hand
side, h, is negative or zero. This corresponds to the first two lines of C1, C2 and to the
first lines of C3 and C4 of the previous table.

When h = Vc(r1) < 0, the equation for g−1(h) is reduced to p2
r = 0, and Ihc is a

circle (line 2 of C4 and point SE in Sect. 8). This also happens when h = Vc(r1) = 0
(line 2 of C3 and point SE in Sect. 8).
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Fig. 1 The surface g−1(h) for h ∈ (Vc(r1), 0] and condition C4

Figure 1 exemplifies the third line of C4, with h ∈ (Vc(r1), 0] and we see that the
surface of g−1(h) is homeomorphic to a sphere S2. The interpretation of the Ihc curves
is given in Sect. 8.

Case 2: h > 0.
For h > 0 there is a variety of phase portraits.

We start with the surface corresponding to the second line of C1 and to the type-4
orbits of Sect. 8, which are homeomorphic to R. The surface of g−1(h) is the topo-
logical plane given in Fig. 2. In order to emphasize the connection between the table
from Sect. 6 and the orbits of Sect. 8, in what follows we will focus on the top of the
g−1(h) surfaces (obtained for positive values of the angular momentum) and on the
level curves on these surfaces. This way, for Fig. 2, we get Fig. 3; note that for negative
values of c, we obtain a surface symmetric with respect to the (r, pr ) plane.

Similar surfaces to the ones in Fig. 3 are obtained for conditions C3-line 5 and
C4-line 6; the orbits are type-4 orbits. Next we consider the surface in Fig. 4 (again
for c > 0) which has two components: a topological plane and a sphere. The orbits
matching these surfaces are the type-3 and the type-4 orbits (for larger values of r ) in
the phase portrait.

A particular case of the one described in Fig. 4 matches conditions C2 -line 3, when
the component closer to the origin, is reduced to a point. This is the SE point in the
phase portrait.

From Fig. 4 - type surfaces, if the energy h increases, the two components get closer
until they share a common circle, in Fig. 5, or, for c > 0 in Fig. 6. The phase portrait
contains now the previous type-3 and type-4 orbits, but also the type-2 curves, the
homoclinic curve, H , and the type-1 orbits.
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Fig. 2 The surface g−1(h) for h > 0 and condition C1

Fig. 3 The surface g−1(h) and level curves for Fig. 2, and c > 0
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Fig. 4 The surface g−1(h) and level curves for conditions C2-line 4, C3-line 3 or C4-line 4, and c > 0

Fig. 5 The surface g−1(h) for conditions C2-line 5, C3-line 4 or C4-line 5, and c > 0

In analyzing the role of the 4 parameters, A and B, a and b, in the Lennard-Jones
potential, two sub-cases stand out, as A and B are comparable or when one of them
is much larger than the other one. Nevertheless, the g−1(h) surfaces are topologically
equivalent to the ones described above and don’t lead to new cases.
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Fig. 6 The surface g−1(h) and level curves for Fig. 5 surfaces, and c > 0

8 2D Phase portraits and physical orbits

It is clear that our potential is central (the motion is planar and the two-body problem
was already reduced to a central-force problem, see Sect. 2). It is also clear that in our
model collisions between particles cannot occur. This was proved by Saari (see [8])
or Mioc and Stavinschi (see [5]) within different contexts.

Let us translate the topological types of Ihc in terms of phase orbits in the plane (r, x)

(x being the equivalent of pr after a Sundman-type transformation via a McGehee-
type transformation (see [4] or [6]). The 2D phase portraits are given in Figs. 7, 8, and
9 below. According to the table in Sect. 6, we state the following equivalences:

– cylinder = unbounded phase orbits that come from infinity and then tend back to
infinity (curves 2 in Fig. 8, 1 in Fig. 9).

– torus = quasiperiodic or periodic phase orbits (curves 1 in Fig. 7 and 3 in Fig. 9).
– circle = phase equilibrium (centre SE in Fig. 7 and Fig. 9, and saddle U E in Fig. 9).
– disjoint union of a circle and a cylinder = coexistence of a stable equilibrium with

infinity-infinity phase orbits for the same h and the same c (centre SE and phase
curves 4 in Fig. 9).

– disjoint union of torus and cylinder = coexistence of quasiperiodic and periodic
phase orbits with infinity-infinity phase orbits for the same h and the same c (curves
3 and 4, respectively, in Fig. 9).

– union of torus and cylinder with a common circle = the homoclinic orbit H
generated by the saddle UE around the centre SE, coexisting with the orbits 2
(UE-infinity) and 2′ (infinity-UE) in Fig. 9. The common circle is the saddle UE.
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Fig. 7 The phase portrait in the cases h < 0 (for any c) and h = 0, c �= 0

Fig. 8 The phase portrait in the case h ≥ 0, c = 0

To draw Figs. 7, 8, and 9, we considered three separate situations: h < 0, h =
0, h > 0, and, for each situation, we made c2 increase from zero to higher and higher
values (e.g., [6]).

Consider the negative-energy case

For the case of zero angular momentum, the equilibrium SE represents a stable rest
of the particle with respect to the centre. The curves 1 represent radial librations: the
particle moves rectilinearly back and forth between two finite limit distances with
respect to the centre.
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Fig. 9 The phase portrait in the case h > 0, c �= 0

For the case of nonzero angular momentum, the equilibrium SE represents a stable
circular orbit. The curves 1 represent either quasiperiodic orbits (which fill densely an
annulus and never close), or genuine periodic orbits (which close after a finite number
of rotations). We have to remark that in this case the set of initial conditions that lead
to the phase curves 1, and the set of initial data that lead to periodic solutions is of
zero Lebesgue measure (hence improbable), whereas the set of initial data that lead to
quasiperiodic solutions is of positive Lebesgue measure.

Consider the zero-energy case

The translation of the phase portrait presented in Fig. 8 in terms of physical motion
is very simple. Curves 2 represent radial capture-escape orbits: the particle comes
rectilinearly from infinity, stops at a finite distance from the centre, then tends back to
infinity. The asymptotic velocity at infinity is zero.

For the case of nonzero angular momentum, the phase portrait is identical to the
one presented in Fig. 7. The equilibrium SE represents a stable circular orbit, while
the curves 1 represent either quasiperiodic orbits, or periodic orbits.

Consider the positive-energy case

For c = 0 the phase portrait is illustrated in Fig. 8: only unbounded phase trajectories
are represented by the curves 2. The translation of the respective phase portrait in terms
of physical motion is exactly the same as in the zero-energy case. Curves 2 represent
radial capture-escape orbits: the particle comes rectilinearly from infinity, stops at a
finite distance from the centre, then tends back to infinity. The only difference that
appears in the case h > 0 as compared to the case h = 0 is that the asymptotic velocity
at infinity is no more zero (parabolic), but positive (hyperbolic).

For nonzero c, Fig. 9 exhibits a much more rich phase-space structure.
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We shall interpret all these phase curves in terms of physical motion.

– The equilibrium SE represents a stable circular orbit around the centre.
– The equilibrium U E represents an unstable circular orbit around the centre, having

a radius greater than the one of the stable circular orbit.
– The homoclinic curve H characterizes an orbit that ejects asymptotically from the

unstable circular orbit, reaches a finite distance, then tends back asymptotically to
the same unstable circular orbit. The physical motion on the homoclinic orbit is
spiral.

– The curves 1 represent spiral capture-escape orbits, which approach the centre
closer than the distance of the stable circular orbit.

– The curves 2 represent escape spiral orbits that eject asymptotically from the unsta-
ble circular orbit and tend to infinity with positive asymptotic velocity.

– The curves 2′ represent capture spiral orbits that come from infinity (with a positive
asymptotic velocity) and tend to the unstable circular orbit.

– The curves 3 characterize quasiperiodic orbits (which fill densely an annulus and
never close) and periodic orbits (which close after a finite number of rotations).
Within the set of initial conditions that lead to the phase curves 3, the set of initial
data that lead to periodic solutions is of zero Lebesgue measure (hence improba-
ble), whereas the set of initial data that lead to quasiperiodic solutions is of positive
Lebesgue measure.

– The curves 4 represent spiral capture-escape orbits, whose minimum distance from
the centre is farther than the distance of the unstable circular orbit.

To prove the spiral character of the motion on the homoclinic orbit and on the orbits
corresponding to the phase curves 1, 2, 2′, 3, and 4, see, for instance [1], or [9], who
proved this in a different context.

9 Concluding remarks

To point out some important and unusual characteristics of the two-body problem
associated to our generalized Lennard-Jones-type potential, we mention:

– The existence of stable rest (for the negative-energy level, and for zero angular
momentum).

– The existence of radial librations (for the same case of negative-energy level and
zero angular momentum).

– The existence of radial capture-escape motion (for non-negative-energy levels, and
for zero angular momentum). We can call this the slingshot effect, or the elastic-
barrier effect.

– The existence of bounded orbits for non-negative-energy levels.
– The co-existence (for the same energy level, and for the same angular momentum)

of wholly different orbits: quasiperiodic (and periodic) and capture-escape, stable
circular and capture-escape, and so forth. In such co-existence situations (for the
same h and for the same c), the type of orbit is decided by the initial distance of
the particle from the centre.

– The existence of a homoclinic orbit for an open set of initial conditions.
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Lastly, we have to emphasize the important role of the angular momentum. It generates
two bifurcations, as c is zero or nonzero, between the phase planes for h = 0, and
between the phase planes for h > 0 (see the corresponding figures).
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